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Abstract
This paper proposes a reaction-diﬀusion algorithm designed for image encoding, pooling and
decoding with a FitzHugh-Nagumo model. The model simulates biological nonlinear response
on external stimuli applied to nerve axon. A system of discretely coupled elements governed
by the FitzHugh-Nagumo model has the nature of organizing stationary pulses, depending on
their initial conditions and coupling strength. The proposed algorithm utilizes the system, and
encodes a gray level image into a halftone image with the nature organizing stationary pulses
(image encoding); the encoded halftone image is pooled in the system without external stimuli
(image pooling). In the image encoding, we need to add Gaussian noise to the gray level image
for randomly distributing pulses, which represent gray levels in a local area. By providing the
encoded halftone image for the initial condition of the same reaction-diﬀusion algorithm, we
obtain a gray level image approximating to the original one (image decoding).
Keywords: Image processing, reaction-diﬀusion algorithm, FitzHugh-Nagumo, Gaussian noise, non-
linear excitable elements
1 Introduction
Computer vision research aims at understanding and realizing the human visual system with
computer algorithms. For example, the human early vision has several functions of edge en-
hancement, stereo disparity detection and motion detection. Many researchers have proposed
computer algorithms motivated by mathematics, statistics and physics, and tried to realize
the visual functions. As a very classical approach Marr and his coworkers proposed Gaussian
ﬁltering for edge detection, and a cooperative algorithm for stereo disparity detection [6].
In the ﬁeld of nonlinear sciences, Kuhnert et al. presented a light-sensitive chemical reaction
system, and demonstrated its pattern formation processes realizing visual functions of image
edge enhancement and segmentation [3]. Their system was a two-dimensional reaction-diﬀusion
system coupling diﬀusion processes with chemical reaction. If an illumination pattern is pro-
jected onto the surface of the reaction-diﬀusion system, its image edges or segments appear
in spatial density distribution of chemical species. More recently, motivated by the results of
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Kuhnert et al., Chirieleison et al. [1] implemented a reaction-diﬀusion system with DNA circuits
for image edge enhancement.
There are other reaction-diﬀusion systems in biological phenomena, for example, in an active
pulse transmission along nerve axon. A FitzHugh-Nagumo type reaction-diﬀusion system is a
typical example of modelling the pulse transmission phenomenon, and a FitzHugh-Nagumo
model [2, 7] was originally derived for simulating temporal nonlinear response of excitation
and inhibition on external stimuli applied to the nerve axon. A FitzHugh-Nagumo type two-
dimensional reaction-diﬀusion system also exhibits similar pattern formation processes to the
result of Kuhnert et al. [3].
In contrast to these reaction-diﬀusion systems, Kurata et al. [4] found that a set of not
diﬀusively (continuously), but discretely coupled elements governed by the FitzHugh-Nagumo
model exhibits stationary results of edge detection and segmentation. If a system of the elements
takes an image as its initial condition, it organizes patterns of image edges or segments in the
similar way to the reaction-diﬀusion systems. In addition, the result of the edge detection and
segmentation are stationary and motionless.
The author believes that biological nonlinear response of excitation and inhibition underlies
biological visual functions, and expects that a system of spatially (continuously or discretely)
coupled nonlinear elements such as FitzHugh-Nagumo model is a simple and potential archi-
tecture for realizing the functions, in comparison with the Marr’s classical approach without
nonlinearity. Here, we call a class of algorithms utilizing coupled nonlinear elements ‘reaction-
diﬀusion algorithm’.
This paper proposes a reaction-diﬀusion algorithm utilizing a system of discretely coupled
FitzHugh-Nagumo elements for image encoding, pooling and decoding. When the system takes
an initial condition of a gray level image with additive Gaussian noise, it organizes stationary
pulses, of which the density distribution represents image gray levels. Thus, the algorithm
encodes the gray level image into a halftone image composed of the stationary pulses [5]. Since
the pulses remain at their initial positions [4], the halftone image is pooled in the system. In
addition, when the same system takes an initial condition of the halftone image, it provides
a gray level image. This is the image decoding. Thus, the proposed algorithm works as the
functions of image encoding, pooling and decoding.
The proposed algorithm is developed from a previous image edge detection algorithm [8].
A novel point in the proposed algorithm is the introduction of Gaussian noise in the image
encoding. We add the Gaussian noise to the gray level image so that the density of the randomly
distributing pulses represents the gray level in the encoded halftone image.
2 The Algorithm
A FitzHugh-Nagumo model [2, 7] has two variables: activator u(t) and inhibitor v(t) at time t,
and is described by
du
dt
= f(u, v) = [u(u− a)(1− u)− v]/ε, (1)
dv
dt
= g(u, v) = u− bv, (2)
in which a, b and ε are constants. Figure 1(a) shows a phase-plane of the FitzHugh-Nagumo
model having one stable steady state at the origin, to which any solution (u, v) converges.
Let us consider a system of FitzHugh-Nagumo elements discretely placed on a two-
dimensional grid position (i, j). Each of the elements has two variables (ui,j , vi,j), and
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Figure 1: Phase-plane of a FitzHugh-Nagumo model described by Eqs. (1) and (2), and one-
dimensional numerical results for a system of coupled elements governed by Eqs. (3) and (4).
(a) Phase-plane u − v and its initial condition designed for image encoding and decoding; the
model behaves as a mono-stable element having one stable steady state at (u, v) = (0, 0). An
image gray level is renormalized into the range of I∗i,j ∈ [u0, u1] and is placed on the null-cline of
du/dt = f(u, v) = 0. (b) Numerical result ui(t) of stationary pulses obtained under the strong
inhibitory coupling Cu = 4 and Cv = 12, and (c) that of travelling pulses obtained under the
weak inhibitory coupling Cu = 40 and Cv = 4. A step wise initial condition was given to the
system.
is governed by Eqs. (1) and (2). Then, we spatially couple the elements in a local area
 = {(i− 1, j), (i+ 1, j), (i, j − 1), (i, j + 1)} at coupling strength Cu and Cv, as follows:
dui,j
dt
= Cu
⎡
⎣ ∑
(i′,j′)∈
ui′,j′ − 4ui,j
⎤
⎦+ f(ui,j , vi,j), t > 0 (3)
dvi,j
dt
= Cv
⎡
⎣ ∑
(i′,j′)∈
vi′,j′ − 4vi,j
⎤
⎦+ g(ui,j , vi,j) + cH(−t), t > −τ (4)
in which H(t) is a step function giving 1 in t ≥ 0 and 0 in t < 0, and c is a constant. Note that
Eqs. (3) and (4) are deﬁned in the diﬀerent time domains, in which τ denotes time diﬀerence
between the two equations [8].
Strong inhibitory coupling refers to the condition Cu  Cv imposed on Eqs. (3) and (4) [4].
Under the condition, the system of Eqs. (3) and (4) organizes stationary pulses remaining at
their initial positions, as shown in Fig. 1(b), in comparison with travelling pulses organized
under weak inhibitory coupling shown in Fig. 1(c). Imposing the strong inhibitory coupling on
the system was motivated by Turing condition [9], which refers to strong inhibitory diﬀusion
over weak excitatory one in a reaction-diﬀusion system.
If the system takes a gray level image Ii,j as the initial conditions of ui,j , it binarizes the
image with a threshold level denoted by the parameter a of Eq. (1) and organizes pulses standing
at edge positions of the binarized image [4]. For image encoding, that is, for converting the
gray level image into a halftone image, the proposed algorithm adds Gaussian noise to the gray
level image. The noise induces spatially and randomly distributing pulses, of which the density
distribution represents the image gray level in a local area.
Thus, in the similar way as the previous edge detection algorithm [8], the proposed algorithm
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Figure 2: Block diagram for (a) image encoding, pooling and (b) image decoding. Gaussian
noise is added to an original gray level image Ii,j , and then the noisy image I
∗
i,j is provided for
the initial conditions of a system of coupled FitzHugh-Nagumo elements (cFHN). The activator
distribution ui,j brings an encoded halftone image I˜i,j , which is pooled in the system without
any external stimuli. In image decoding, the halftone image is provided for the same system
without noise. Then, the inhibitor distribution vi,j approximates to the original gray level
image.
takes the initial conditions of
ui,j(t) = I
∗
i,j , −τ ≤ t ≤ 0, vi,j(t) = εf(I∗i,j , 0), t = −τ, I∗i,j = Ii,j +N(0, σ2), (5)
in which Ii,j is renormalized into the range of u0 ≤ Ii,j ≤ u1, and N(0, σ2) denotes the Gaussian
noise with zero average and the standard deviation of σ. The noise added image I∗i,j of Eq. (5)
is provided for both the initial conditions of ui,j and vi,j .
In summary, Fig. 2(a) shows a block diagram of image encoding and pooling, and Fig. 2(b)
shows that of image decoding. After computing Eqs. (3) and (4) for ﬁnite duration of time, we
obtain two distributions of ui,j and vi,j , of which ui,j gives the encoded halftone image I˜i,j by
I˜i,j = H(ui,j − 1/2). (6)
Since pulses organized in the system are motionless and remain at their initial positions under
the strong inhibitory coupling, the system also has the function of pooling the encoded halftone
image. In image decoding, we provide the encoded halftone image I˜i,j for the initial conditions
of the same system without noise, and obtain two distributions of ui,j and vi,j . The distribution
vi,j approximates to the original gray level image Ii,j , except on absolute image gray levels.
3 Results
This section presents results of the proposed algorithm applied to one synthetic gray ramp
image and two real images (see Figs. 3 and 4). We have totally similar impression among the
original gray level images [Figs. 3(a) and 4(a)], the encoded halftone images [Figs. 3(c) and 4(b)]
and the decoded ones [Figs. 3(e) and 4(c)]. For comparison, Fig. 4(d) shows halftone images
generated by a commercial software. One noticeable point is that the decoded images were
totally dark in comparison with the original images. This is because the proposed algorithm
takes images with renormalized gray levels and there is no information on the absolute gray
levels in the decoded images. In addition, the system tends to organize fewer pulses in dark
areas, as shown in the result for the gray ramp image of Fig. 3. Nonlinear transform would be
necessary in renormalizing the image gray level.
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Figure 3: Demonstration of image encoding and decoding on a simple gray ramp image.
Figure (a) shows the image (512 × 64 pixels and 8 bits gray levels) and its horizontal proﬁle.
Figures (b) and (c) show a result of the image encoding; (b) the initial condition given for
ui,j(t = 0) and the horizontal proﬁles of ui,j=32(t = 0), vi,j=32(t = 0) and vi,j=32(t = −1);
(c) the encoded halftone image I˜i,j and the horizontal proﬁles of ui,j=32(t = 5) and vi,j=32(t =
5). Figures (d) and (e) show a result of the image decoding; (d) the initial condition given
for ui,j(t = 0) and the horizontal proﬁles of ui,j=32(t = 0), vi,j=32(t = 0) and vi,j=32(t = −1);
(e) the decoded gray level image vi,j(t = 5) and the horizontal proﬁles of ui,j=32(t = 5) and
vi,j=32(t = 5). Parameter settings were Cu = 4, Cv = 12, a = 0.10, b = 4.0, c = −0.1, ε =
1.0× 10−3, u0 = 0.2, u1 = 0.5, τ = 1.0, σ = 15.0.
4 Conclusion
This paper proposed a reaction-diﬀusion algorithm for image encoding, pooling and decod-
ing. The algorithm utilizes a system of discretely coupled nonlinear elements governed by a
FitzHugh-Nagumo model, which simulates biological responses of excitation and inhibition on
external stimuli. The system takes a gray level image as its initial conditions, and encodes the
image into a halftone one, which is pooled in the system under strong inhibitory coupling. The
key point in image encoding is Gaussian noise added to the gray level image. In addition, the
same system without noise takes the halftone image, and decodes it into a gray level image. Fu-
ture research work required for the proposed algorithm is quantitative performance evaluation.
Evaluation techniques for image halftoning algorithms [5] are helpful.
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Figure 4: Results of image encoding and decoding on two real images. Figure (a) shows the
original images of an outdoor scene (432 × 324 pixels and 8 bits gray levels) and an indoor
scene (454× 340 pixels and 8 bits gray levels). Figures (b) and (c) show the encoded halftone
images and their decoded gray level ones; see Fig. 3 for the parameter settings. For comparison
on image encoding, Fig. (d) shows halftone images generated by an error diﬀusion method
implemented on a commercial software (Photoshop CC, 2015).
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